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Abstract—Perfectly matched layer (PML) boundary conditions
are incorporated into the full-vectorial beam propagation method
(BPM) based on a finite element scheme for the three-dimensional
(3-D) anisotropic optical waveguide analysis. In the present ap-
proach, edge elements based on linear-tangential and quadratic-
normal vector basis functions are used for the transverse field com-
ponents. To show the validity and usefulness of this approach, nu-
merical examples are shown for Gaussian beam propagation in
proton-exchanged LiNbO3 optical waveguides. Numerical accu-
racy of the present PML boundary condition is investigated in de-
tail by comparing the results with those of the conventional ab-
sorbing boundary condition (ABC).

Index Terms—Anisotropic optical waveguide, beam propagation
method (BPM), finite element method, full-wave analysis, perfectly
matched layer (PML).

I. INTRODUCTION

T HE beam propagation method (BPM) is at present the
most widely used for the study of light propagation in

longitudinally varying waveguides. Nowadays, there are a
great number of versions of BPM [1]; BPM based on the
fast Fourier transform (FFT-BPM), BPM based on the finite
difference method (FD-BPM), and BPM based on the finite
element method (FE-BPM) [2]–[5]. In particular, a recently
developed finite element BPM is applicable to the most general
(arbitrarily-shaped, inhomogeneous, dissipative, anisotropic,
and nonlinear) optical waveguide problems. One of the key
issues in implementing FE-BPM to study light propagation
in a finite spatial domain is boundary conditions at the com-
putational window (CW) edges. Berenger [6] has recently
introduced the concept of a perfectly matched layer (PML) for
reflectionless absorption of electromagnetic waves which can
be employed as an alternative to the conventional absorbing
boundary condition (ABC) [7], [8] or the transparent boundary
condition (TBC) [9]. Unfortunately, since Berenger’s PML
technique involves a modification of Maxwell’s equations
based on the splitting of field components into two subcompo-
nents, these non-Maxwellian equations do not have a desirable
form for finite element (FE) formulations. More recently,
new formulations of PML which do not involve the field
splitting have been proposed by Pekelet al. [10] and Sacks
et al. [11] and have been widely used for mesh truncation in
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Fig. 1. Longitudinally varying 3-D optical waveguide.

FE-BPM [12], [13]. However, since these formulations are for
isotropic waveguides, they cannot be applied to anisotropic
optical waveguides. Although the TBC may by applicable to
anisotropic optical waveguides, the formulation is limited to
the approximate scalar analysis [14].

In this paper, the PML for anisotropic media [15] is, for the
first time, incorporated into the full-vectorial FE-BPM (VFE-
BPM) for the three-dimensional (3-D) anisotropic optical wave-
guide analysis. In the present formulation, edge elements based
on linear-tangential and quadratic-normal vector basis functions
[16]–[18] are used for the transverse field components. To show
the validity and usefulness of this approach, numerical results
are shown for Gaussian beam propagation in proton-exchanged
LiNbO optical waveguides. Numerical accuracy of the present
PML boundary condition is investigated in detail by comparing
the results with those of the conventional ABC.

II. BASIC EQUATIONS

We consider a longitudinally varying 3-D optical waveguide
as shown in Fig. 1 and the transverse cross section of the optical
waveguide surrounded by PML regions 1–8 with thicknesses
( ) as shown in Fig. 2, where and are the transev-
erse directions, is the propagation direction, and the relative
permittivity tensor is given arbitrarily as

(1)
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Fig. 2. Transeverse cross section of 3-D optical waveguide surrounded by
PMLs.

Using PML for anisotropic media [15], from Maxwell’s equa-
tions the following vectorial wave equation is derived:

(2)

where is the free-space wavenumber,denotes either the
electric field or the magnetic field , and the matrices
and are given by

(3)

(4)

for and

(5)

(6)

TABLE I
PML PARAMETERS

for . The PML parameters , , and are given in
Table I, where the complex values of ( to ) are taken
as

(7)

Attenuation of the field in PML regions can be controlled by
choosing the appropriate values of. Here, we assume para-
bolic profiles of as

(8)

where is the distance from the beginning of PML and the sub-
script “max” denotes the maximum value.

Now, using an appropriate reference refractive indexand
slowly varying envelope approximaiton (SVEA), we assume the
following form of the solution:

(9)

Substituting (9) into (2) and noting that the variation ofalong
the direction is sufficiently small, , we obtain the
basic equation for the beam propagation analysis as

(10)

with

(11)

(12)

Authorized licensed use limited to: Huazhong University of Science and Technology. Downloaded on November 20,2022 at 09:04:49 UTC from IEEE Xplore.  Restrictions apply. 



SAITOH AND KOSHIBA: FULL-VECTORIAL FE-BPM 407

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

where the superscript denotes a transpose.
Assuming and regarding as an effective

refractive index, (10) is reduced to a basic equation for the
guided-mode analysis of anisotropic optical waveguides.

III. FINITE ELEMENT DISCRETIZATION

Dividing the waveguide cross section into hybrid edge/nodal
elements based on linear tangential and quadratic normal vector
basis functions [16]–[18] as shown in Fig. 3, we expand the
transverse field components , and the longitudinal field
component in each element as

(21)

where
and edge and nodal variables for each ele-

ment, respectively;
and shape function vectors for edge ele-

ments;
shape function vector for nodal elements
[18].

Substituting (21) into (10) and using the finite element tech-
nique to the transverse -plane, we obtain the following matrix
equation:

(22)

Fig. 3. Hybrid edge/nodal element based on linear tangential and quadratic
normal vector basis functions.

with

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)
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(31)

(32)

(33)

(34)

where is a null vector, is a null matrix, and extends
over all different elements. We can rewrite (22) formally as

(35)

with

(36)

(37)

(38)

For the diagonal relative permittivity tensor, ( ),
using the longitudinal-field transformation [5]

(39)

and the Padé approximation [2], [3], [12], [14], , , and
are reduced to smaller sized ones as

(40)

Fig. 4. Anisotroric optical waveguide surrounded by PMLs.

Fig. 5. Element division profile.

(41)

(42)

IV. TWO-POINT RECURRENCESCHEME

Applying the 2-point recurrence scheme for the propagation
direction to (35) yields

(43)

with

(44)

(45)

where is the propagation step size,is introduced to con-
trol the stability of the method, and the subscriptsand
denote the quantities related to theth and th propagation
steps, respectively. Generally, the stability range for the prop-
agation algorithm is , but unstable field evolution was
observed with , Crank-Nicholson algorithm. So, ,
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(a) (b) (c)

(d) (e)

Fig. 6. (Top)E , (middle)E , and (bottom)E distributions at (a)z = 0�m, (b) z = 40�m, (c) z = 80�m, (d) z = 120�m, (e)z = 160�m, and (f)z
= 800�m.
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backward-difference scheme, is adopted here. In the BPM algo-
rithm, backward reflections are neglected, so waveguide struc-
tures with abrupt refractive index changes along the-direction
should be carefully treated.

In order to improve numerical accuracy, the reference refrac-
tive index is renewed at each propagtion step as follows:

Re (46)

with

(47)

(48)

(49)

where denotes complex conjugate and transpose.

V. NUMERICAL RESULTS

We consider a 3-D anisotropic optical waveguide surrounded
by PMLs as shown in Fig. 4, where the substrate is LiNbO(LN)
and the guiding region is proton-exchanged LiNbO(PE-LN).
For simplicity, the thicknesses and the maximum values ofin
(8), , and , are assumed to be the same in all the PML
regions, and are denoted byand , respectively. The wave-
guide parameters are m, m, m,
and m. The substrate has ordinary and extraordinary
indexes of and , and the refractive
index difference between the guiding region and the substrate
is for the extraordinary index and for the ordinary
index, is assumed to be zero. The components of the sym-
metric relative permittivity tensor for LN are

(50)

(51)

(52)

(53)

(54)

where is the angle between the crystalline-axis and the
-axis on the -plane. We subdivide one-half of the waveguide

cross section into hybrid edge/nodal elements as shown in Fig. 5.
The PML region is uniformly divided into 8 elements along the
direction normal to the PML surface. The total number of ele-
ments are, respectively, 432 and 928 in the CW and the PML
regions. As an initial field, vertically () polarized Gaussian
beam is inputted. The wavelength is m and the beam
spot size is 0.8 m. Figs. 6 and 7 show, respectively, the elec-
tric-field evolution and the reference index variation along the
propagation distance, where , the propagation setp size

m, and the value of is taken as 8. No reflection
from the CW edges and no instability have been observed, the
radiation waves disappear out of the CW with increasing prop-
agation distance, and the remaining field approaches that of the

Fig. 7. Reference index variation along the propagation distance.

Fig. 8. Converged reference index as a function of crystal angle.

Fig. 9. Computational domains
 and
 used in numerical experimants.

corresponding fundamental TM-like mode. The reference re-
fractive index is also converged to the effective index of the fun-
damental TM-like mode which is obtained by the guided mode
analysis. Fig. 8 shows the converged reference index as a func-
tion of crystal angle . The converged values of increase
gradually with increasing , resulting in good agreement with
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(a) (b)

(c) (d)

Fig. 10. Field-error variation along the propagation distance ford = 1�m and (a)N = 6, (b)N = 8, (c)N = 10, and (d)N = 12.

the effective indexes of the corresponding fundamental TM-like
mode.

Next, in order to investigate numerical accuracy of the present
PML, the field error along the propagation distance, , is
defined as

(55)

where is the electric field calculated by using computational
domain and is the one calculated by using larger domain
as shown in Fig. 9, where the size ofis taken as m
and m and that of is taken as m and

m. Here, the conventional ABC is also utilized, and
the layer thickness and the number of elements are the same
as those in the PML case. In the ABC case, for each propagation

step, the optical field is multiplied by a window function
[7] as

in ABC region

in non-ABC region
(56)

where is the distance from the beginning of ABC.
Figs. 10 and 11 show the error variation along the propaga-

tion distance for m and 2 m, respectively, where verti-
cally ( ) polarized Gaussian beam is inputted, the inputted beam
spotsize and wavelength are, respectively, 0.8m and 0.84 m,

, m, and the value and the number
of elements along the direction normal to the PML or the ABC
surface, , are taken as parameters. We can see that the PML
with smaller values of cannot sufficiently absorb radi-
ated waves even though increasing the value of. The PML
with larger values of reduces the numerical error with
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(a) (b)

(c) (d)

Fig. 11. Field-error variation along the propagation distance ford = 2�m and (a)N = 6, (b)N = 8, (c)N = 10, and (d)N = 12.

increasing . All the PML results are superior to the conven-
tional ABC ones. In order to keep the error lower than 10,

and are necessary for m, and
and for m. We could say that when

using PML, 2 m is enough thickness to absorb radiated waves.

VI. CONCLUSION

The PML boundary condition for anisotropic media was,
for the first time, incorporated into the VFE-BPM for the 3-D
anisotropic optical waveguide analysis. To validate the present
algorithm, numerical results for Gaussian beam propagation in
proton-exchanged LiNbOoptical waveguides were presented.
It is found that the present PML works well, compared with the
conventional ABC.
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